By applying the methods of V. Markovic [7] 
If F = ( f 1 , . . . , f k ) and G = (g 1 , . . . , g k ), then the maps F : X → C k and G : Y → C k satisfy µ F −1 (E) = ν G −1 (E) for every Borel set E in C k .
In [7] V. Markovic used the p = 1 case of Proposition 1 to show that in general every surjective C-linear isometry between the spaces of L 1 holomorphic quadratic differentials on Riemann surfaces X and Y is related to a bijective holomorphic map between X and Y . A precise statement of this result, together with some background information and definitions, is given in §2.
In the general case considered in [7] , applying Proposition 1 is not a straightforward task. Equation (2) is needed for every positive value of k, and it leads only to a biholomorphic map between open sets of full measure in X and Y . Extending this map to a biholomorphic map between X and Y requires considerable effort (see [7] ).
In this paper we apply the methods of [7] to Riemann surfaces of finite type. We do this for two reasons. First, the resulting proof is shorter than the previously known proofs of this classical special case. Second, the methods of [7] become transparent in this setting. As we shall see, a single application of (2) leads to the required map between X and Y , with no need for analytic continuation.
Definitions and statement of Theorem 1
Let X be a Riemann surface. Recall that a quadratic differential on X is a tensor ϕ whose restriction to the domain U of any coordinate chart z has the form f dz 2 , where f is a measurable function on U . If all these functions f are meromorphic (or holomorphic), ϕ is said to be meromorphic (or holomorphic).
For any quadratic differential ϕ on X , we denote by |ϕ| the differential 2-form on X that equals | f | d x dy in U if ϕ equals f dz 2 there. We say ϕ is integrable if its
With the L 1 -norm, the space of integrable quadratic differentials on X becomes a complex Banach space, and the integrable holomorphic quadratic differentials form a closed subspace that we denote by Q(X ). Let ϕ be a quadratic differential on X , and let h : Y → X be a holomorphic map of a Riemann surface Y into X . By definition, the pullback of ϕ by h is the quadratic
It is shown in Markovic [7] that almost all surjective C-linear isometries between spaces Q(X ) and Q(Y ) are essentially of that form. A precise statement requires two additional definitions.
We say that the Riemann surface X has finite type if there are a compact Riemann surface X and a finite subset E of X such that X is conformally equivalent to X \ E. If X is such a surface, the genus g of X and the number n (≥ 0) of points in E are determined by X . We say that the type of X is exceptional if 2g + n ≤ 4. Now we can give a precise statement of the main theorem of [7] . PROPOSITION 
Special cases of Proposition 2 were proved some time ago (see, e.g., H. Royden [9] and N. Lakic [5] ), but the method of proof in [7] is quite different. We use it here to give a simple new proof of the following special case of Proposition 2, first proved in C. Earle and I. Kra [3] . 
Our proof of Theorem 1 is given in §4, where we also compare it with the proof in [3] (see the closing remark).
Some projective embeddings of compact Riemann surfaces
Our proof requires some classical results from the theory of compact Riemann surfaces, which we review in this section for the reader's convenience. Let X be a compact Riemann surface of genus g ≥ 0, and let E be a finite, possibly empty, subset of X which contains exactly n ≥ 0 points. We assume that 2g + n ≥ 5, so that the Riemann surface X = X \ E has nonexceptional finite type.
Each ϕ in the vector space Q(X ) can be regarded as a quadratic differential on X which is holomorphic except for isolated singularities at the points of E. The integrability of |ϕ| implies that these singularities are either removable or simple poles (see S. Nag [8, §14 .13]), so Q(X ) is the vector space of meromorphic quadratic differentials on X whose poles (if any) are simple and belong to E. PROPOSITION For example, the characteristic function χ E of E is a divisor on X of degree n.
If α is a meromorphic function, one-form, or quadratic differential on X and x is a point of X , we define the order of α at x to be
if α is holomorphic and nonzero at x, k if α has a zero of order k at x, −k if α has a pole of order k at x, +∞ if α is identically zero on X .
We say that α is trivial if it is identically zero on X . If α is nontrivial, then the map x → ord x (α) is a divisor on X , called the divisor of α and denoted by (α). Let M ( X ) be the field of meromorphic functions on X . For any divisor D on X , we define O D ( X ) to be the complex vector space of all the functions in M ( X ) (including the zero function) that are multiples of the divisor −D:
Now we can proceed. Let ω be a nontrivial meromorphic one-form on X . Consider the divisor D = 2(ω) + χ E on X . The space Q(X ) obviously consists precisely of the meromorphic quadratic differentials ϕ = f ω 2 such that f ∈ O D ( X ).
The divisor of ω has degree 2g − 2, so D = 2(ω) + χ E has degree 4g − 4 + n. Since 2g + n ≥ 5 by assumption, we have deg(D) ≥ 2g + 1. Consequently, by the Riemann-Roch theorem and [4, Theorem 17.16],
That proves the first assertion of the proposition. Next we discuss projective embeddings of X associated with Q(X ). Let k be a positive integer, and let P k be the k-dimensional complex projective space. Each point
defines a biholomorphic map of C k onto a dense open subset of P k .
PROPOSITION 4
Let X = X \ E as above, and let ϕ 0 , . . . , ϕ k be a basis for Q(X ). Set f j = ϕ j /ϕ 0 , j = 1, . . . , k, and set
There is a (unique) holomorphic embedding : X → P k such that
Proof This result is a special case of [4, Theorem 17.22] . To see this, we consider the di-
Again we have deg(D) ≥ 2g + 1. Since the functions 1, f 1 , . . . , f k are a basis for O D ( X ), we can use [4, Theorem 17 .22] to conclude that the map
when interpreted appropriately at the poles of the f j , defines a holomorphic embedding of X in P k .
COROLLARY 1
The map F defined in Proposition 4 is a homeomorphism of X 0 onto a closed subset of C k .
Proof
Since F is holomorphic on X 0 , it is continuous. Since −1
• π 0 • F is the identity map of X 0 to itself, F is a homeomorphism.
To see that F(X 0 ) is a closed set, consider a sequence (x n ) in X 0 such that F(x n ) converges to a point z = (z 1 , . . . , z k ) in C k . We may assume that x n converges to some point x in X . Then f j ( x) = z j = ∞, j = 1, . . . , k, so x belongs to X 0 and z = F( x).
Proof of Theorem 1
We may assume that the given Riemann surfaces X and Y are the complements of finite sets in compact Riemann surfaces X and Y , respectively. We do not assume that X and Y have the same genus.
Let ϕ 0 , . . . , ϕ k be a basis for Q(X ), and define X 0 and the map Since T is a C-linear isometry, we have
Therefore, by Proposition 1, maps F and G and measures µ and ν satisfy Rudin's equimeasurabilty condition (2) . Applying (2) to the closed subset F(X 0 ) of C k , we obtain
Since ψ 0 = ϕ 0 , the weak inequality in (5) is an equality, and
Similarly, by applying (2) to the set G(Y 0 ), we find that F(X 0 ) is a subset of G(Y 0 ). Therefore the sets F(X 0 ) and G(Y 0 ) are equal, and so are their images under the map π 0 from C k to P k . Now π 0 (F(X 0 )) = (X 0 ) is dense in the compact set ( X ), and π 0 (G(Y 0 )) is dense in the compact set ( Y ), so the sets ( X ) and ( Y ) are equal.
Let h : Y → X be the bijective holomorphic map −1
• . The restriction of h to Y 0 satisfies F • h = G and h(Y 0 ) = X 0 . From the definitions of F and G, we obtain
Let K be any compact set in Y 0 . Applying equation (2) to the compact set G(K ) in C k , we find that
Since K is arbitrary, we must have |T (ϕ 0 )| = |h * (ϕ 0 )| in Y 0 and hence in all of Y . Therefore T (ϕ 0 ) = e iθ h * (ϕ 0 ) for some real number θ, and (6) becomes T (ϕ) = e iθ h * (ϕ) for all ϕ in Q(X ).
To complete the proof, we must show that h(Y ) = X . By Proposition 3, Y is the set of points in Y where every T (ϕ) is finite, and h −1 (X ) is the set of points in Y where every h * (ϕ) is finite. Equation (7) says that these sets coincide.
Remark. It is shown in [3] that if X and Y have nonexceptional finite type, then any surjective R-linear isometry from Q(X ) to Q(Y ) is either C-linear or C-antilinear (and can therefore be described readily by using Theorem 1). That result is proved by Royden's method of analysing the shape of the unit spheres. The same method is used in [2] and [3] to obtain our Theorem 1. The simpler method we use here does not appear to handle the R-linear case. The surjective R-linear isometries between Q(X ) and Q(Y ) for general Riemann surfaces have not yet been classified.
